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RESUME. Dans cet exposé, nous présenterons un principe de grandeidas (PGD) pour la
suite des estimateurs empiriques de I'entropie de Shanhore gorobabilité sur un ensemble
fini. Nous utiliserons quelques arguments de géométrieiafiimation pour établir une ex-
pression explicite de la fonction de taux gouvernant le P@Dus montrerons que les tests
de niveau d’entropie obtenus par seuillage de la fonctionade sont consistants et que leur
puissance crof®t exponentiellement vite avec la taille de I'échantillon.

ABSTRACT. In this talk, we will present a large deviations principled{P) for the sequence
of empirical estimators of Shannon entropy of a probabitligtribution on a finite set. We
will use some arguments of information geometry to estaldixlosed form expression for
the rate function governing the LDP. Then, we will show ttnat €ntropy level tests built by
thresholding the rate function are consistent with powesvgng exponentially fast with the
size of the sample.

MOTS-CLES : Entropie de Shannon, estimation par plug-in, principe dengles déviations, géo-
meétrie de I'information, tests de niveau d’entropie.
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1. Empirical estimation of Shannon entropy

The concept of entropy has been introduced in the field of sy in Shan-
non [14] by defining
S(P) := —>_ P(i)log P(i),
i€FE
for any P belonging to the seb of all probability distributions supported by the finite
setF, with the conventio log 0 = 0.

Kullback and Leibler [9] introduced what is now called thellkack-Leibler di-
vergence of a distributio@ relative to anotheP as

K(QIP):=>_ Q(i)log 5z

Qi)
(i)

with the convention8 log(0/a) = 0, andalog(a/0) = +o0, for0 < a < 1.

Entropy appears througf(P|U) = S(U) — S(P) as a measure of the variation of
information fromU to P, whereU is the uniform distribution orE. The entropy of a
probability distribution is widely used in numerous fieldsalving random variables,
such as large deviations theory or computer science ; seer@md Thomas [3] for
properties of entropy and an overview of possible topics.

When only observations are available, the need to estinmitepy arises. Given
(X1,...,Xp) anii.d.n-sample ofP € D, the empirical estimator &(P) is

~ 1 & ~
Sn = - I Pn Xl y
- ; 0g Po(X;)

= S(P),

whereP, is the empirical distribution associated to the sample.

Basharin [2] proves tha$,, is biased but strongly consistent and asymptotically
normal. As a particular case of a complicated series schdrobservations, Zub-
kov [16] shows that asymptotic normality holds onlyAfis not uniform onF, that is
if the entropy is not maximum; see also Harris [8] and theneefees therein. We give
a simple proof of the following result including all the asgtatic properties of,, in
Girardin and Regnault [7].

Theorem 1. The empirical estimato$,, = S(ﬁn) is a strongly consistent estimator
of the entropys(P). Moreover :

if P is not uniform, then/n[S,, — S(P)] converges in distribution to a centered
normal distribution with explicit variance;;

if P = U is uniform, therﬁn[§n —S(U)] converges t({jﬁil B3;Y;, where all theY;
are independent ang?(1)-distributed random variables ang € R fori € [1, N].
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2. LDP for empirical estimators of Shannon entropy

From classical Sanov’s large deviations principle and remtion principle (see
e.g., Dembo and Zeitouni [5]), we show that the sequé€iSge,, <y of empirical esti-
mators ofS(P) satisfies an LDP. We give a closed form expression for the gated
function governing the LDP through arguments of informatijometry ; see Amari
and Nagaoka [1], Sgarro [13], Csiszar [4], and Regnault f&RHetails about infor-
mation geometry and its use for LDP. The families of escatritiutions defined by

P(i)*
Yjer PO

wherek € R*, play a prominent role in the LDP ; see Girardin and Regnéatltdr
both a detailed study of their entropic properties and tlefof theorem below.

Ex(i) = i€ E,

Theorem 2. The sequence of estimatqtgn)neN* satisfies the large deviation prin-
ciple
.1 5 .
nhﬂngo - logP(S,, € A) = — S11611f4 Is(s, P),
for all Borel setsA C [0,log(N + 1)] such thatd # (), with good rate functiordg
defined by

—s—logp if0<s<logm,

K(&EE|P)  if log(m) < s <log(|E| + 1), with k& > 0 such
thatS(€k) = s,

+00 otherwise,

Is(s, P) =

wherem is the number of modes @f, with weightp and |E| is the cardinal of the
support ofP.

3. Entropy level testing

In goodness-of-fit testing, statistics based on the diffeeebetween the entropy
of distributions are usual for discriminating betweenrilsttions. Now applied to all
classical distributions, they have been introduced bydédi15] for testing normality,
in relation with the maximum entropy principle ; see Girardnd Lequesne [6] for
more details and Girardin and Regnault [7] for fields of agadion.

For testing
Hy: "S(P) =sy” against H;: "S(P)=s1",
we choose the statistic

K(Sg [Ss,) = p‘séﬁfzso I5(S,, P)
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which appears as the Kullback-Leibler divergence betwegropic spheresy :=

S=1({8,}) andS,, := S~!({so}) in information geometry. We reject the null hy-
pothesis wheK(Sg |Ss,) is greater than a threshold depending on the numbr
observations. The error of the first kind is shown to decreadtel /n. The error of the
second kind is shown to decrease exponentially fast witllirergencek (S, |Ss, ) ;
see Girardin and Regnault [7] for the proof of the followimgult.

Theorem 3. Let the entropy level test with rejection region given by
Ry = {K(Sg,[S,) > 6u } .

with 6, = (|E| + 2) log[(n + 1)/n].

The errors of the first kindv, := suppes, P®" (R,) and of the second kind
Bn = suppes, P" (E™\R,) of this test satisfy

anp <1/(n+1) and limsup 1 log B, < —K(8s,|Ss,)-

n—oo N
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